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1. INTRODUCTION 
This paper contains some results on topological stability (see [2, 31) that 
generalize those obtained in [2] much in the same way as Lyapunov’s direct 
theorem generalizes the asymptotic stability results of the hyperbolic case: if at a 
critical point, the linear part of a vector field has proper values with negative 
real parts, the point is asymptotically stable and the vector field has a quadratic 
Lyapunov function; however, asymptotic stability may also be proved for vector 
fields with non-hyperbolic linear approximations, provided they have a Lyapunov 
function. In a way, this is what we do here, letting Anosov diffeomorphisms play 
the role of the hyperbolic critical point and replacing stability by topological 
stability; we get this time a class of topologically stable diffeomorphisms wider 
than the class of Anosov diffeomorphisms. The same approach-that combines 
Lyapunov functions with some of the ideas of [4] -may also be applied to obtain 
a similar generalization for Axiom A diffeomorphisms. 
Theorem 2.1 below states essentially that a diffeomorphism f of a compact 
riemannian manifold M is Anosov if and only if its tangent map has a non- 
degenerate Lyapunov quadratic function. From this quadratic form we may 
construct easily a Lyapunov function for f, i.e., a real function I’ defined on a 
neighbourhood of the diagonal in M x M such that V(x, X) = 0, x E M, and 
ww f w - I/‘@, Y) > 0 
for each (x, y) in that neighbourhood, x + y. To explain shortly the content of 
Theorem 5.1, let us call an equivalence relation R on 32, admissible, if M/R is 
homeomorphic to M, and g-invariant if (x, y) E R implies (g”(x), gn(y)) E R, 
1z E 2; g being a homeomorphism of 32. If R is admissible and g-invariant, we 
define in the obvious way a homeomorphism j of M/R. A diffeomorphism f of 
AI is topologically stable if for every E > 0 there is a CO(M)-neighbourhood off 
such that for each g in that neighbourhood there exists an admissible g-invariant 
equivalence relation R on M with the properties 
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(1) dist(x, y) < E if (x, y) E R, and 
(2) f is conjugate to 6. 
This definition is equivalent to the one given in [3]. Obviously, topological 
stability is a conjugacy invariant. 
Theorem 5.1. states that if there exists a non-degenerate (see below) Lyapunov 
function for f, then f is topologically stable. 
There are very simple examples of diffeomorphisms of T2 that satisfy the 
assumptions of Theorem 5.1 and fail to be Anosov. For instance, if we define F 
bY 
F(x, y) = (2x - & sin 27rx T y, x - & sin 2rrx + y 
1 
we get a measure preserving diffeomorphism of T2 = P/Z2 in the above condi- 
tions. In fact, the fixed point x = y = 0, is not only non-hyperbolic, but there is 
no non-trivial F’-invariant splitting of the tangent space of T2 at this point. 
Some results on conjugacy between a diffeomorphismfsatisfying the assump- 
tions of Theorem 5.1 and diffeomorphisms P-close to it, T > 1, are obtained 
as corollaries of this theorem. (In particular, the fact that the above F is conjugate 
to an Anosov diffeomorphism and the structural stability of Anosov diffeo- 
morphisms, follow from these results). In many cases the Lyapunov function 
gives a way of telling which values of the r-jet off should be preserved by a 
Cr-perturbation in order to have conjugacy between f and the perturbation (see 
Section 6). 
Diffeomorphisms satisfying the assumptions of Theorem 5.1, that we shall 
call almost hyperbolic, have many of the geometric properties of Anosov diffeo- 
morphisms (for instance, the existence of stable and unstable manifolds at each 
point); however, we shall not discuss them here. 
2. ANOSOV DIFFEOMORPHISMS 
In this section we characterize Anosov diffeomorphisms in terms of Lyapunov 
quadratic forms and get some consequences of this result. 
Let M be a compact connected riemamrian P-manifold, and f: M+ M a 
diffeomorphism, f~ CT, r > 1; as usual, f’ will denote the tangent map of f. 
If TM admits any-invariant direct sum decomposition in two vector sub-bundles 
S, U, TM = S @ U, we say that f is an Anosov diffeomorphism provided the 
following condition is fulfilled: there exist positive numbers K, A, 0 < A < 1, 
such that for every n >, 0, we have that 
(1) ]\(f”)‘(s)]] < KP jJ s I] for every s E S, and 
(2) ([(f-“)‘(u)ll < KA” (1 u I( for every u E U. 
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Now we go into quadratic forms. A function B: T&I + R will be called a 
quadratic form if B, = B/T,111 is a quadratic form on the vector space T&V; 
quadratic forms on TM constitute, in the usual way, a vector space over R. We 
shall say that B is non-degenerate if for each .X E M, B, is non-degenerate, and 
that B is positive, B > 0, if Bz(v) > 0 for every v E T&V, v # 0, and every 
x E M. If f is a diffeomorphism of M and B a quadratic form on TM, we shall 
denote byf#(B) the quadratic form defined by 
f”W&) = Bd.f’(xW~ 
XEM,VE TJW. 
THEOREM 2.1. Let fi M-t M be a CT-diffeomorphism, r >, 1. Then, f is 
Anosov if and only if there exists a continuous non-degenerate quadratic form 
B: TM + R, such that f #(B) - B > 0. 
The following corollary implies, in particular, that the Anosov diffeomorphisms 
of M form an open set in the Cl(M) topology. 
COROLLARY 2.2. Let f be an Atwsov d~$eomorphzkm. Then, there exists a 
Ck&ghbourhood N off such that any jkite composition of elements of N is an 
Anosov dz~eomorphism. 
Proof. Let B be a non-degenerate quadratic form such that f s(B) - B > 0, 
and let N be the set of CWi!7eomorphisms g of 171 such that g+(B) - B > 0; 
clearly N is open in the Cl(M) topology. The following remark, which implies 
that N is a semigroup under composition, completes the proof: if g, h E N and 
VETM, 
(h ~g)V)(v) - B(v) = WWW) - W(v)) + NW - B(v) 
is positive if v does not belong to the zero section of TM. 
Proof of Theorem 2.1 
LEMMA 2.3. Let f be ara Anosov difeomorphism. Then, there exists a positive 
integer m such that for every v E TM, 11 v I] # 0, ~~cfn)((w)~~ > 2 11 w II for some n 
with [ n 1 = m. 
Proof. From the definition of Anosov diffeomorphisms it follows easily 
that for every er E TM, (/ w 1; # 0, Ijcf”)‘(v)ll --f a~ either for n -+ 0~) or for 
n + - co. On account of the compactness of M, it follows that there exists N > 0, 
such that /j(f n)‘(w)/I > 2 1) v 1) forsomen,In~<N.Nowtakew~TM,I~w~I#O 
and assume that the maximum of (IIcfn)‘(v)lj/l 11 I < N) is reached at a positive 
integer n, = nl(v) > 0; then we have that jIcf~~)‘(w)/ > 2 II v II. Since for 
--N < n d nl, IIC.PWll 9 IIVVMl, h t ereexistsa, =%(w),n, <n, <rrr+N, 
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such that I;(f’Q)‘(v)ji is the maximum of {/Cfn)‘(o)j@z, < n < n, + N}; hence 
j~cf”B)‘(w)\/ > 4 I( zr I\. In this way we find a sequence nk -+ cx), nk = n,(v), such 
that nkil - nk < N and \Icf”t)‘(r~)ll > 2k )I ZJ (I. In case n, < 0, we get a sequence 
nk - -cc, with similar properties. Let L > 0 be such that II(~” > L I\ w II 
for every w E TM and ( n / < N. Then, for n > 0 and w E TM, either 
I!(f”)‘(~)ll z YXf”9’(~)!I, 
where nk = nk(w) and 0 < nk < n < nk+i , or 
nk+l < -n < ng < 0; consequently Il(f”)‘(w)il > Lzk 11 w 11 (or Il(f-“)‘(w)ll > 
L2” 1; w 11) and K depends only on n. Choosing m > 0 such that 2’L > 2 (Y stands 
here for the maximum integer less than or equal to m/N) we obtain the thesis of 
the lemma. 
LEMMA 2.4. Let f be an Anosow dazeowphism and B a quadratic form such 
that f+(B) - B > 0. Then B is non-degenerate. 
Proof. Let s E S, 1) s II # 0. Then B(s) < 0 since otherwise we would have 
B((f 9’(s)) 2 BcfYs)) > 0, n >, 1, which is impossible because Il(f a)‘(s)/ --f (T 
for n + co. Similarly, B(u) > 0 if II u (1 # 0, u E U. If for some x E M and some 
w E T&l we had B,(w + w) = B,(w) for every w E T.JM, then B,(w + XW) < 6 
for w E S, and h E R. Therefore, the subspace spanned by S, and w would inter- 
sect U, trivially, which implies w E S, and this, in turn, w = 0. 
LEMMA 2.5. Let f be a diffeomorphism and B a quadratic form such that 
f*(B) - B > 0. Then we hawe that 
(i) {w E TM/B((j%)‘(w)) -< 0, n >, 0} = {w E TM/lim,+~~lcfn)‘(w)l~ = 0}, 
(ii) v E TM/B((fn)‘(w)) > 0, n < 0} = {w E Tikf/lim,,,ll(f “)‘(w)/ = 0): 
Proof. If lim,,,ll(fn)‘(w)ll = 0, then B((fn)‘(w)) < 0, n >, 0 as we have 
shown before. On the other hand, if for some sequence nk -+ a and some p > 0 
we had Il(f “k)‘(w)]\ > p, since we have for some c > 0, that 
n-1 n-1 
B((f”)‘W - B(w) = c P((f 9’(w)) >, ,c 1 'Kf i>‘(W 
i=O i=O 
(where P stands for the difference P = f+(B) - B), this would imply 
$2 B((f”)‘(w)) = 00. 
Hence, if B(ff “)‘(q)) < 0 for n > 0, limll(fR)‘(w)\l = 0. A similar argument 
proves (ii). 
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Proof of Theorem 2.1. Necessity. Let f be an Anosov diffeomorphism, and 
let m be as in Lemma 2.3. For e; E T-M, let 
m-1 
then 
B(v) = E II(pf”)‘(v)ll2 - I;(fi)‘(o)ly; 
i=O 
f#(B)(v) - B(v) = Il(p)‘(v)(l2 - 2IjCf”)‘(v)!;” + 1; ZJ I;2 
> Nf9’(41~2 > 0 if I[ c !( # 0, 
and, as it follows from Lemma 2.4, B is non-degenerate. 
Su@my. For each x E M let 
S, = (w E TJW/B((fn)‘(n;)) < 0; n 3 0) 
and 
U, = {v E Ta/B(Cfn)‘(w)) > 0; n < 0). 
By Lemma 2.5, S, and U, are linear subspaces of T,M, and we have, obviously, 
that S, n U, = {O}. Since B is non-degenerate, for each z E M, there exist 
subspaces R, and T, such that R, @ T, = T,M and B(w) < 0 (>0) if v E R, 
(resp. v E T,), v # 0. Moreover, the dimension of these R, depends neither on 
the special choice at each z, nor on x E IM; hence, the dimension of R, is a con- 
stant, say k. Consider now (f-“)‘(R,Q,), n > 0, and let R, C TJl4 be a limit 
subspace of this sequence. We have that dim R, = k and, on account of the 
continuity of (f”)‘, that B(lf”)‘(v)) < 0, tl > 0, if w E R, . Thus, R, C S, and 
it follows that dim S, = k. Since with an analogous reasoning, we may show 
that dim lJ, = dim M - k, it follows that S, @ U, = T$& x E M. 
The continuity of S, as a function of x is a trivial consequence of the following 
remark: if x, -+ x and S, is a limit subspace of Sz” , then B((f”)‘(v)) < 0, 
n>O,ifwES,; in the same way we may prove the continuity of U, . 
It remains to prove that conditions (1) and (2) are fulfilled. With arguments 
similar to those used in the proof of Lemma 2.3, we may show that there exists 
an integer N > 0, and a real number L > 0, such that Il(f”)‘(s)ll < 2% I! s I/, 
s E S, tl > 0 (r denotes the maximum integer less than or equal to n/N). In 
these conditions, for some K > 0, jjcf”)‘(s)j < K(2-l9)” I) s II; since (2) follows 
in an analogous way, this completes the proof. 
3. DIRECT RESULTS 
Letf be a diffeomorphism of the compact connected rielannian manifold M, 
and iI?l = a,, with the flow 4, the suspension of (M, f) under the cumtant 
function 1; we assume that fi is also endowed with some riemannian metric. 
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Identify M with p(M x {0}), p being the suspension projection of M x R 
onto &l, and call Mt the manifold, Mt = 4,(M); obviously utER Mt = $2. 
Assume that there is a real number 01 > 0 and a continuous real function V 
defined on 
{(x, y) E i$? x &lx, y E M, for some t E R and dist(x, y) < a) 
such that V(x, X) = 0, I+, y) > 0 if x # y and that 
and 
are continuous and have the following properties: 
(3.1) V(qy) >Oifx #y. 
(3.2) There exists p > 0 and for each x E i@, subspaces S,, U,, S, @ U, = 
T,M, (if x E M,, t E R) that depend continuously on x and such that if v E S,( U,), 
0 < 11 v :I < p, then V(X, expzv) < 0 (resp. >O). 
Furthermore, assume the following regularity condition: either (a) for each 
x E 113, S, intersects trivially the tangent space at x E Mt of any manifold con- 
tained in {y E M,/r(x, y) > 0}, or (b) f or each x E il?l, U, intersects trivially the 
tangent space at x E M, of any manifold contained in (y E M,/v((x, y) < 0). 
PROPOSITION 3.1. Let f be a dijfeomorphism satisfying the assumptions above; 
then f is topologically stable. 
Proof. Let x E M = M,, C fi and for each t E R let 
K,(x) = {Y E -%/W(x, t)v Y) G k), 
where k > 0 is chosen small and via Sard’s theorem, in such a way that 6K, is a 
differentiable manifold. Since u($(x, t), y) > 0 for y E &(x), t E R, V(~(X, t), y) = 
k, we may find an open set 0, C Cl(&?Z x R, $2) such that if I/J is a flow, 4 E 0, , 
VW’%) = M t+s , t, s E R, we have that at each y in the above conditions v(O) > 0, 
where V(s) = V($(x, t + s), ICl(y, s)). 
Let B, be 
which is diffeomorphic to K,, if k is chosen small enough, and assume, arguing by 
contradiction, that for each v E B, , $(exp,v, t) $ Kt for some t E R. 
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Define t(w) > 0 by 
(4 4&w, t) E Kt , -t(o) < t < t(w), and 
(ii) #(expz ZI, t) $ Kt , either for t arbitrarily close to I(O), t > t(w), or for t 
arbitrarily close to -t(w), t < -t(w). 
LEMMA 3.2. t(w) is continuous on B, , and if v E aB, , t(v) = 0. 
Proof. Let D E ZB, ; since, as it follows from previous remarks, V(s) = 
W(x, 4, #(exp,v, 4 has no maximum at s = 0, #(exp,w, t) 6 K, , either to the 
right or to the left of 0. Thus, t(v) = 0 and the continuity at those points is 
trivial. A similar reasoning proves that for w E K - aK, V(#(x, t), 4 exp, v, t)) 
is strictly less than K if ] t j < t(v) and the continuity at these w is again a conse- 
quence of the continuity of the flows 4 and 4 (see [4]). 
Now we continue with the proof of the Proposition. 
for otherwise, it would exist w E Tm(r,t(D~)Mt(P)) , w + 0, such that w E Sd(r,t(c)) n 
&h0U6h.-t(d) . Since 
W(x, t(w)>, 42t(o) expb(..-t(r)) 4 > 0, 
if z E I!I~G,-~(~)J is small enough, this contradicts the regularity condition (a). 
A similar argument proves 
if (b) holds. 
Define 
44 = PtwL~d e%thdll(exp, f4 t(9), 
where Pt is the projection onto q$ U*G.-~) along +LI-tSb(z,t)  
Bb> = Qtw%~ exp&-w Wxp. 0, -t(4)), 
where Qt = Id - Pt , and 
Let us show now that y(w) is never zero. Indeed, if, say, #(expzw, t(w)) E 
W(,) , then 
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and consequently exp~~=,tcv,,(~(exp~w, t(v))) 4 Sd(+.t(v)), which implies a(v) # 0; 
therefore y(w) # 0. The case z&expp, -t(w)) E aK&) is analogous. 
If w E aB, , we have that y(w) = w since, because of the fact that t(w) = 0, 
we have that a(w) = P,er and that /3(w) = (Id - PJw. Thus, y is a continuous 
mapping of B, into T,M - (0) and such that y/aB, is the inclusion of JB, in 
TJW - (0). As this is absurd, it must exist a w E B, such that $(expz w, t) E K, 
for every t E R. 
To prove that for each y E M there is an x E M such that V($(x, t), $(y, t)) < 
k, -cc < t < co, we construct a tube (JtER L, , 
and assuming that for no x EL, ,4(x, t) lies in Lt for every t E R, we consider 
C, = {w E T,M/V(expp, y) < k} and the function T(W) analogous to our previous 
t(w): if I t I < T(W), 4(exp,w, t) ELt , and $(exptiq t) $ L, either to the right of 
T(W) or to the left of -r(w). 
On the tube 
whose “axis” is now a piece of a 4-trajectory, we may argue as we did to construct 
r(w), with $(exp,w, t) in the role of 4(x, t) and #(y, t) in the place of our previous 
$(expzw, t); in this way we get a vector 6(w) E TexpvaM, 6(w) # 0, that depends 
continuously on w and such that if ‘u E K!,, , expexr,,u S(w) = y. By parallel 
transport of 6(w) along the geodesics joining exp,w to y we get this time a vector 
o(w) E TJkf - (0); since --CT: C, + TvM - (0) is continuous and --U(W) = w 
if a E aC, , this is absurd. 
Let E be a positive number, and for each x E &, say x E M,, , let 
Z(x) = (3~ E Xr,O!dist(r$(x, t), $(y, t)) < E}. 
Clearly, Z(x) is compact, and as it follows from the previous arguments when 
15 is chosen sufficiently small, Z(x) is also non-void and (JzeaZ(x) = fi. We need 
now another lemma. 
LEMMA 3.3. Let 4 be a flow on the compact riemannian manifold N = 
(JtER Mt x Iw, C I%¶ x i%? and V a continuous realfunction o?e@ditt a neighbour- 
hood of the diagonal in hr, V(x, x) = 0, x E ii?, such that p(x, y), the deriwatiwe of 
V with respect o 4, is continuous, and positiwe when 0 < dist(x, y) < 7, for some 
r) > 0. Then, dist($(x, t), $(y, t)) < 7 for each t E R, implies x = y. 
Remurk. A similar result holds for a diffeomorphismf provided we consider 
the difference &, y) = Vu(x), f(y)) - V(x, y) instead of the derivative r. 
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Proof. Assume that for some X, y E 31, x f y, dist(&, t), $(y, t)) & 7 if 
t E R, and V(X, y) >, 0. Then for some p > 0, p < dist(#(zc, t), +(y, t)) < 7 if 
t is large enough. In these conditions, as in Lyapunov’s direct theorem, we may 
conclude lim t+mQqx, 4, 4(Y, t) = 03, which is absurd. Since the case F(x, y) < 
0 is analogous, this completes the proof of the lemma. 
To continue with the proof of the proposition, let us assume, as we may, that 
E is less than $a; then, it follows from the proof of the previous lemma, that 
Z(x) n Z(%) = o if x # 5, for otherwise, we would have dist(+(x, t), +(%, t)) < 
2.5 < (Y, t E R. Let R be the equivalence relation in &f defined by (y, 7) E R if 
y, y E Z(X) for some .v E 1%. Clearl!:, R is #-invariant and dist(y, 7) < 2~ if 
(Y, y) E R. If hz), bJ are convergent sequences in 112 such that X, + x and 
yn EZ(X,) for n = I, 2,..., then lim J ln E Z(X); this shows that for any J2- 
neighbourhood N of Z(X) there is a neighbourhood of x such that for x in that 
neighbourhood, Z(X) C X, proving the continuity of Z. A similar argument 
shows that Z is open; hence Z: ,@ - &I/R is a homeomorphism. The restriction 
0fZtoM,Zj,:M + M/R is a conjugacy between f and $i . 
To complete the proof of the proposition, we observe that if g is a diffeomor- 
phism of M P-close to f, then H: I??* - :l^lf defined by H(x, t) = (h(x, t), t), 
XEM, 0 <t < 1, where h: M x [0, l] -+ M is a Ci-isotopy between the 
identity of M and f -r c g, is a Cl-diffeomorphism that takes (CI, the suspension 
flow of g, into a flow # on :fif, P-close to 4, and such that #s(M,) = M++r, 
t, s E R. Since I+!J~ = g, the proof is complete in this case. 
If g is a homeomorphism P-close to f, then 4, may be only CO-close to 9, 
but nevertheless, the previous arguments can be applied because of the following 
remark: if E is a small Co-neighbourhood off, there is a real number S(E) > 0 
such that for each x E :Q, if y E % Ko(x), and +,(y, t) E J&(x), 0 < t ,< (Y 
(-a < t < 0) for some OL > 0, then &,(y, t) 6 K, for some t E (--6(E), 0) 
(resp. t E (0, 6(E))). 
4. h?DUCTION 
Let f be a diffeomorphism of the compact riemannian manifold M, and 
(A?, +) its suspension. Assume that f is expansive, i.e., that there exists 01 > 0, 
such that X, y E IIf and dist(f “(y)) < LY, n E Z, imply x = y. 
We choose a riemannian metric for & and find another number t9 > 0 such 
that if x, y E &it for some t E R, and dist(+(x, t), +(y, t)) < j3 for every t E R, 
then x = y. Let N = (JtER Mt x Mt , and let 
where 0 < 6 < /3; clearly, C- is a compact subset of N. Because of the expansive 
aspects of 4 and the compactness of C- we may assure that there exists a 7 > 0 
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such that if dist(x, y) = S, (x, y) E C-, then dist(q@, t), 4(y, t)) > S for some 
t, 0 < t < 7. Let p > 0 be such that min,+.r dist(+(x, t), +(y, t)) > p; then there 
is a CJ, 0 < u < p and a S’, 0 < 6’ < S, such that if (x, y) E N, dist(x, y) < u, 
and if there exists t, > 0 such that dist(q%(x, t), $(y, t)) < 6, 0 < t .< t, , 
dist($(x, to), $(y, to)) > S’, then dist(+(z+, t), #(y, t)) > S for some t, t, < t < 
to T- 7, and mintos-tst,L7 dis+#(.lc, t), $(Y, t)) > P. 
Let a: N-R be a P-function such that 
a(x, y) = 1 if d&(x, y) < u, 
a(x, y) = 0 if dist(x, y) 3 6, 
4x, Y) > 0 elsewhere. 
Call X the vector field defined by (b on N, i.e., 
and consider the vector field aX and the corresponding flow (G. Let D- be a 
compact set, C- C D- and d: N---f R+ be a P-function vanishing on D- v 
{(x,y) E N/dist(x,y) > p} and only there. If dist(x,y) < u, then dist(#((x,y), t)) < 
6, t 3 0 (here, dist($((x, y), t)) t d f s an s or d’ t( IS a, w), where (z, w) = q&r, y), t)), 
and, moreover, lim,,, d(#((x, y), t)) = 0 since either dist(#((x, y), T)) > 6’ 
for some T > 0 and the remarks on the last paragraph imply that d($((x, y), t)) = 
0 if t > T, or dist($((x, y), t)) < S’, t > 0, which implies that dist(&, t), 
4(y, t)) < S’, t > 0, and this, in turn, that $((x, y), t) -+ C- if t -+ co. 
Now we prove, as in [l], the following lemmas. 
LEMMA 4.1. For we-ry E > 0, there exists T > 0 such that d(#((x, y), t)) < c 
for t >, T and dist(x, y) < U. 
Proof. Because of the way p and 6’ were chosen, if for some c0 > 0 we had 
pairs (x, y), dist(x, y) < u, such that d(#((x, y), t)) > c0 for arbitrarily large t, 
we would also have d($(x, t), 4(y, t)) > q, f or arbitrarily large t; we could then 
find a limit pair (x~ , y5), d(x, , y,.J > q,, (xX , ym) E C-. This contradiction 
proves the lemma. 
LEMMA 4.2. There exists a C2-function e: R+ ---f R+, e(0) = 0, e’(s) > 0 if 
s # 0, s E R, with the property that 
W, Y) = Irn 444(x, r>, t))) dt 
0 
is a Cl-function on {(x, y) E N/dist(.q y) < a} such that the de&&e of V with 
respect o X is 
@, y) = -e(d(x, y)). 
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Proof. There exists a function e, in the above conditions which makes the 
integral uniformly convergent. If dist(x, y) < u, and u is small enough, 
V(+, u), d(r, 4) = W,W, Y), 4) = s,I‘ 4%4x, Y), t + 4)) dt 
z F ;c 44C(@, Y), t))) dt; 
thus p(x, y) = -e(d(x, y)). Th e im ro . p p er integral corresponding to the deriva- 
tives of V can also be made uniformly convergent by a proper choice of e (see 
rm 
Let us now take a look at V and p, for x close to y. v vanishes only if (x, y) E 
D- and I’ vanishes on C-, or more generally, on each #-positively invariant 
subset of D-, and is positive outside of D-. 
Since V vanishes on C-, using the same procedure, we may find a P-function 
U- defined on a suitable neighbourhood of the diagonal in IV, positive outside of 
D-, and whose derivative with respect to $ is h 0 V, where h is a smooth function 
with properties similar to those of the function e of the previous lemma. Thus, 
o- vanishes on each #-positively invariant subset of D- and is negative outside 
of D-, while u- is positive outside of D-. 
On the other hand, if instead of C-, we consider 0, 
C+ == {(x, y) E K/dist(&x, t), 4(y, t)) ,< 6, t 2 01 
and repeat the previous construction (replacing 3 by a similar flow, say #J+, 
J; by f-co , etc.), we get this time a G-function L/ ‘* which is positive outside of 
D+, whose first derivative with respect to 4 vanishes on each #+-negatively 
invariant subset of Dr, and is positive outside of D’, while its second derivative is 
also positive outside of D+. Therefore, for x, y close enough, we may define the 
function U- + U-; this function and its second derivative with respect to q5 are 
positive out of the diagonal, provided (x, y) E D- n Dr implies x = y. Its first 
derivative is positive on each #--positively invariant subset of D- and negative 
on each #+-negatively invariant subset of DT. 
i Kow we may prove: 
PROPOSITION 4.3. Let f be a d$eomorphism of the compact riemannian 
manifold AI, and (112, 4) its suspension. Assume that there is an a > 0 and a 
real continuous function V defined on N n ((x, y) E $? x J?r/dist(x, y) < 01}, 
V(x, x) = 0 and such that 
(1) 3 is continuous and p(x, y) > 0 if x # y, 
(2) There exists a p > 0 andfor each x E &l, subspaces S, , Uz , S, @ LTz = 
T,‘M, (if x E &It , t E R) that depend continuousb on x and such that if v E S,( U,), 
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0 < v < p, then V(x, expp) < 0 (tesp. > 0). Furthermore we assume that they 
satisfy with respect o V, the regularity condition of Proposition 3.1. 
Then f is topologically stable. 
Proof. According to Lemma 3.3, f is expansive, and because of our previous 
construction, we may find a Lyapunov function as required in Proposition 3.1. 
Indeed, if we choose, for a suitable p’, D- to be the closure of 
{+((x, exp,v), t)/O < t < 00, I; v 1; d p’, 0 E Lrz} u C- 
and D+, to be the closure of 
+((x, exp,v), Q-co < t d 0, v E S,, Ij v Ii < p’> U 0, 
we have that if (x, y) E D-, x # y, then V(x, y) > 0, and if (x, y) E D+, x # y, 
V(x, y) < 0 (see Lemma 2.5). Thus, the intersection D- n D+ reduces to the 
diagonal. 
5. PROOF OF THEOREM 5.1 
Let f be a diffeomorphism of the compact riemannian manifold M, and 
V: 144 x M + R a continuous function. Assume that there exists p > 0 and a 
continuous splitting of the tangent bundle of M in vector subbundles S, U, 
S, @ U, =J T,M, x E M, so that V(x, exp, v) < 0 (>0) if 0 < /I v 11 < p and 
v E S, (resp. UJ, and that they satisfy the regularity condition of Proposition 3.1, 
with respect to V. Furthermore, assume that the splitting has the follokng 
property: There exist arcs h, , g, , defined in [O, I], that depend continuously on 
x E M, such that h,(s), gz( ) s are subspaces of TJki, 0 < s < 1, h,(O) = S, , 
gJ0) = U, , h,(l) = df-‘)‘(S,(,,), g,(l) = f’(UI--1(3C)), which satisfy the follow- 
ing conditions: 
V(x, exp, w) < 0 (>O) if 0 < Ii v II < p, TV Eh,(s) (rev. g&)), 
XEM,O fs < 1. 
If all these conditions are fulfilled we shall say that V is a non-degenerate function 
for .f. 
THEOREM 5.1. Let f be a dajknnorphism of M and V: M x M + R a non- 
degenerate continuous function for f such that, for some OL > 0, the difference 
p, Y) = T/(f(X)~ f(Y)) - V(% Y) > 0 
if x, y E M, 0 < dist(x, y) < o(. Then f is topologically stable. 
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Proof. Let Q(S) be a smooth real increasing function defined in 0 < s 5; I, 
such that q(O) = 0, q(1) = 1, q’“)(O) = ~‘“‘(1) = 0, n = 1, 2 ,... For ~(6, s), 
~(7, s), 4, 77 E M, 0 < s < 1 in the suspension (.%?I’, 4) of (M, f) (recall that p 
denotes the suspension projection) define V( p(t, s), ~(7, s)) 
V( p(f, s), p(q, s)) = (1 - qfs))V(f* 17) + !7(s)w(~)~ fba 
Then V is a well-defined continuous function on Ii?l whose derivative with 
respect to s is also continuous. Note that if x, y E M, , 0 < t < 1 and s = p(e, t), 
y = P(% 4, 
and consequently, 
W(% I), b(Y7 1)) - w7 Y> = (1 - !d~Nw-(f), f(d) + q(~)W2(fh f’(d) 
- (1 - !mVf~ 77) - dOw-(f)~ f(d) 
= (1 - 4W)Vf, 77) + 4wwfh f(4) ’ 0 
if 0 < dist(f, 77) < 0~. Therefore U(x, y) = $ ds V(&(x), C-,(y)) is continuous 
and its derivative 6(x, y) = V(x, y) - V(~(X, -I), $( y, - 1)) is also continu- 
ous; moreover, if x and y are close enough, and x # y, 0(x, y) > 0. 
Since 
m, Y> = w-Yfh f-W> 
+ (Jot (1 - q(4) du + ,,I q(u) d”) ~W’GW-‘(d) 
+ j-” q(u) du rtf, rl) 
0 
and also, 
U(x, y) = W(f), f(v)) - (s,’ q(u) du + k1 (1 - q(u)) du) r(f, 7) 
- *’ (1 - q(u)) du ~Cmf-‘Cfh f--‘(d), I 
we may choose the subspaces & , OX in the way required by Proposition 4.3. For 
instance, if f E M, we let 3, to be Cf-‘)‘s& , and for 0 < t ,< l/2, we take - 
Sd-,(6) = q&!?, ; for l/2 < t < 1 we define Sd-,ts) by 
As the uz can be constructed in an analogous way, this completes the proof. 
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6. COROLLARIES AND EXAMPLES 
Many diffeomorphisms that satisfy the assumptions of Theorem 5.1 (almost 
hyperbolic), that are not Anosov diffeomorphisms, may be constructed easily. 
Although we consider below the case M = T’, the same procedure may be 
applied to other manifolds. 
Let OT and /3 be real numbers, 0 < 01< 1 <p, and let f: Rz ---f R2 be defined by 
f(X, Y) = (m + Xx) W(Y), ISY), 
where h: R + R is a P-function, h(x) = l/x ji ((1 - a) - h(x)) dx if 1 x 1 < 8, 
0 < 6 < l/2, h(x) = 0 if / x 1 > 6, and h: R -+ R is also a P-function such that 
k(0) = 0, 0 < k(x) < 1, x E R. /L: R -R is a F-function p(y) = p(-y), 
~(0) = 1, such that p(y) is non increasing for y > 0 and p(y) = 0 if 1 y 1 2 V; 
0 < v < l/2. On account of the fact that h(x) < 1, x E R, it is easy to conclude 
that f is a diffeomorphism; note also that outside of the rectangle ((x, y) E R2/ 
1 x 1 < 6, 1 y 1 < V} f coincides with the linear function (x, y) + (arx, py), and 
that its fixed point (0, 0) is not hyperbolic. 
Now, let a be an Anosov linear endomorphism of T2 = R2/Z2; then a o z- = 
w 0 A, where A is a linear endomorphism of R2, and rr: R2 -+ T2 is the canonical 
projection. Assume that det A = 1, and call OL, /3 its proper values; in suitable 
coordinates x,y, A(x, y) = (cm, py). N ow, for (6,q) E R2, I 6 I d l/2, I 7 I < l/21 
define WG 4) = r of@, Y), w h ere X, y are the new coordinates of (5, 77). It 
follows from the above remarks that F is a diffeomorphism of T2 with a non- 
hyperbolic fixed point at (0, 0). 
Let V = 1 y2 - yi I - 1 x2 - xi I. Then, 5, the difference of I’ with respect 
to F, is 
Y=~--1)iY2-YY,l+Ix,--x,I 
- I(&2 -i VJF2) %P(Yz)) - (-I+ 4%) w4Y2)) 4 G%) 44Y2) - P(Yd 
zCs-~-~~)lY2-Yy,l+l~2--x,I-l~K(x2)--k(x,)l,l 
where k(x) = CLX + h( x ) x and M > 0 is an upper bound for the derivative of CL. 
Since K’(x) = 1 - h(x), V is positive if (x1 , yl), (xs , ys) are close enough, 
(xi , yl) # (x2 , ys), provided 6 is chosen sufficiently small. Thus, F is an almost 
hyperbolic diffeomorphism that fails to be Anosov. 
The following corollary shows a way of getting new, almost hyperbolic diffeo- 
morphisms from old ones. Let f be a diffeomorphism of M, P a continuous real 
function, and S a continuous splitting of TM satisfying the requirements of 
Theorem 5.1. In this case we shall say thatf is subordinated to (V, S). 
1 When x E R/Z is close to zero, and y E x, we shall write 1 x 1 for 1 y 1, provided that 
y E R is also close to zero. 
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COROLLARY 6.1. The set of d~~eomorphisms subordinated to (I, S) is a semi- 
group under composition. 
Proof. Let f and g be subordinated to (V, 5’); then 
~~'(x, Y) = V(f(&))~f(AY))) - V(4 Y) = (V(f(&)),f(g(y))) 
- Gw~ g(r)>) + mz(4, f(Y)) - V(x, Yh 
which is positive. 
If f and g are subordinated to (V, S) and (V, S), respectively, and E7,(y) = 
V(x, y) ia at each x E M, equivalent to, say, a non-degenerate quadratic form, 
then both, f and g, are subordinated to (V, S) and also to (V, S’), because the 
existence of the subspace arcs h, , g, of Theorem 5.1, holds automatically in 
that case since any two manifolds in C = {y/V,(y) < 0} or in D = ( y/V,(y) > 0) 
are homotopic within C or D. 
Other examples of almost hyperbolic diffeomorphisms of T2 may be bbtained 
as follows. Let F: T2 -+ T2 be defined by 
F(x, Y) = (2~ -f(x) +Y, -1~ -f(x) +y), 
where f: R -+ R is a P-function of period 1. Then F is a diffeomorphism: 
F-V, Y) = (x - y,f(x -y) + 2y - 4. 
Let V = WG I ~4, (x2, y2)) be, V = -(r2 - rJ(r2 - x2 - (n - x1)); 
then 
r = (x2 - a2 + (Y2 - Yd2 - (x2 - d.f@2) - f (x1))* 
which is positive for (x1 , yl) # (xa , ye) if, for instance, f ‘(x) < 1, except perhaps 
at a finite set of points in each interval of l&gth 1. Thus, F is an almost hyperbolic 
diffeomorphism of T2; moreover, F is m&tire preserving, as it is easy to check. 
If f (0) = 0, f ‘(0) = 1, F has a non-hyperbolic fixed point at (0,O) and consequent- 
ly it is not an Anosov diffeomorphism. Note also that there is no F’-invariant 
splitting of the tangent space of T2 at the fixed point (0, 0). If we let f(x) = 
1/2rr sin 2~7~ all the above conditions are fulfilled. 
In order to state the next corollary let us consider, for OL > 0, the set V, of 
diffeomorphisms f of M with the following property: there exists a continuous 
function V: M x M-t R, V(x, x) = 0, x E M such that V(f(x), f(y)) - 
V(x, y) > 0 if 0 < diet(x, y) < 0~. 
COROLLARY 6.2. Letf be almost hyp.erboli.c. Then, there exists a C%eighbour- 
hood N off such that each g E N n V, is conjugated to f. 
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Proof. If g E V, is close enough to f in the sense of the Cl-topology, the 
equivalence relation R, mentioned in the proof of Proposition 3.1 must be trivial, 
since dist(g”(x), gn(y)) < 01, Iz E 2, implies x = y. 
Corollary 6.2 implies that the diffeomorphisms F of the last example are con- 
jugated to Anosov diffeomorphisms. In fact, if 0 < c < 1, 
F,(x, y) = (2x - cf (x) + y, x - cf(x) + y) 
is an Anosov diffeomorphism as it follows from Theorem 2.1, and the fact that 
the difference v of the quadratic form V with respect to F, is 
v > (yp - y1)2 I (1 - c)(x2 - Xl)? 
Since F, --f F in the Cl-topology if c -+ 1, we have that F is conjugated to 
Fe , for c near 1; the structural stability of Anosov diffeomorphisms implies, in 
turn, that F is conjugated to F, , 0 < c < 1. Hence F is conjugated to the linear 
automorphism F, . 
Let us say, by the way, that the structural stability OS Anosov diffeomorphisms 
follows also from Corollary 6.2. In fact, if f is an Anosov diffeomorphism of 
M and A a non-degenerate quadratic form on TM such that f#(A) - A > 0, 
then the difference rg of the function V, 
VT Y) = A&), y = exw, 
with respect to a diffeomorphism g, Cl-close to f, is 
TAX, Y) = p,(u) + 4~ + f ‘(4, CJ - f’(u)), 
where P,, is a positive definite quadratic form, A is the symmetric bilinear form 
associated to A, and exp,(,)e, = f(y), F rom this formula it follows easily that 
there is an (Y > 0, such that, if g lies in a suitable Cl-neighbourhood off, 
Vg(x, y) > 0 if O’< dist(x, y) < a; according to Corollary 6.2, this implies that 
f is structurally stable. 
Consider now F: T2 + T2, 
F(x9 Y) = (2x - f (XMY) + YY x - f (MY) + Y)l 
f(x) = 1/2?r sin 2rrx, g( y) = cos2 ny; on account-of the fact that 1 - f (x)g’( y) = 
1 + $(sin 27rx sin 25~~) which is always positive, it is easy to show that F is a 
diffeomorphism of T2. Let V be, as before, 
then 
v = (Yl - YZ)((Xl - Yd - (x2 - Y2h 
v = u*( 1 - &Vi) df) + + - WJf (X2) dg, 
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where 
u = Xl - x2 , ZJ =y1 -Y2, of = f(xl) -f(x2) 
Xl - x2 
if x1 f x0 , 
b 
4 = f’cd 
if xi = x2 , dg = g(yl) - g(y2) 
Yl -Y2 
if y1 z y2 
> 
4 = d(Yl) if yi = ya. 
The quadratic form B = ~~(1 - f’(x)g(y)) + o2 - uvf(x)g’(y) is, in our case, 
B = u2( 1 - $ cos 24 1 + cos 27ry)) + d + uw(i sin 2nx sin 279) 
Since its discriminant d, 
44 = (1 - ma)(l - n2) - 16 f 841 + n), 
where m = cos 2rrx, n = cos 2ry, is negative in the square {(m, n)/ 1 m 1, 1 n 1 < 1) 
except for m = n = 1, B is positive definite except for x = y = 0. Let us now 
try to see what happens for (xi , yr) = (x, y) in a neighbourhood of (0, 0). 
Using Taylor developments, v may be written: 
B = 242 
( 
Try2 + 273x” f 2a2xu + 7 242 + O(a4)) 
+ w2(l + xu + u2 + O(w4)) + (2?r2(x + u)y + O(6’)) w 
where 24 = x4 +y4+u4,W4=~~++4+244+~. 
If / x 1, 1 y 1, 1 u 1, 1 z 1 are less than a suitable 6 > 0, the coefficient of n2 is 
positive, and Q, 
Q = ,pv”(x + 4’ - (1 + xl4 + 22) ( rr2y2 + 2772x2 + 29x24 + 7 u2 1 
< 4(x2 + y2 + u2), 
for some k > 0. Thus, F satisfies, with respect o V the requirements of Theorem 
5.1, and as 1 is the only proper value of F’(0, 0), F is not Anosov. But since the 
assertions concerning the coefficient of w* and Q remain valid, with a proper 
choice of 6, if we consider the same function V and diffeomorphisms C-close 
to F, with the same 3-jet at (0, 0), we conclude that all these diffeomorphisms 
are almost hyperbolic, and moreover, that they are conjugated to F. As in the 
previous example we may show that F is conjugated to the Anosov diffeomorphism 
6% Y) - (2x + Y, x + Y). 
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Let F be the diffeomorphism of T2 x T* defined by F(x, y, u, v) = 
(2x - 4% gf(x) + Y, x - c(u, w)f(x) $ y, 224 7 a, u + w), where f(x) = 
1/27r sin 27~x, and c: T* --+ R a C”-function with small first derivatives, such that 
0 < c(u, V) < 1, (u, ZJ) E T2, and c(u, V) = 1 if and only if (u, V) belongs to some 
non-trivial minimal set of G: T2 + T*, G(u, z) = (2~ A v!, u + v). Then, as it 
may be shown by means of the Lyapunov function 
b’ = -(y2 - yl)(y2 - x2 - (yl - x1)) - (w2 - c1)(w2 - up - (wl - z+)), F 
is a K - S almost hyperbolic diffeomorphism conjugate to an Anosov isomor- 
phism of T2 x T2; however F is not Anosov. 
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